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Abstract 



Consider a smooth affine algebraic variety X over an algebraically closed field k, 
and let a finite group G act on X. We assume that chark is greater than dimX 
and An explicit formula for multiplication on the Hochschild cohomology of a 
crossed product HH*{k.[G] x k[X]) is given in terms of multivector fields on X and 
^r-invariant subvarieties of X for g G G. 

1 Introduction 

Let X be a smooth algebraic variety. It is well-known (pp, jE]) that the groups 
-^^^xxx(^Ai C'a) where A denotes the diagonal (these groups will be further referred 
to as Hochschild cohomology HH*{X)) may be interpreted in terms of multivector fields 
on X: 

HH\X)= HP{X,A''TX) 

p+q=i 

as vector spaces (fBJ, Thm. 8.4, H^, Corr. 4.2). For affine X this becomes an algebra 
isomorphism 

HH*{X) ^ 0r(X,A^TX) 

i 

where the multiplication is given by the cup product in the left hand side, and the wedge 
product in the right hand side. 

Our goal is to extend this result to the situation of a smooth affine algebraic X with 
an action of a finite group G. 

The author would like to thank Pavel Etingof, Vasiliy Dolgushev, Boris Shoikhet and 
Sergei Fironov for useful discussions. The author would also like to express her special 
gratitude to Xiang Tang for pointing out an essential gap (which led to a significant 
shortening of the paper). 
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2 Main results 



Let X be a smooth affine algebraic variety over an algebraically closed field k of char- 
acteristic greater than dimX and IGI- Denote hj A = r{X,Ox) the algebra of regular 
functions on X, let i? = k[G] A be crossed product algebra with multiplication defined 
by ga = a^g, where denotes the result of ^r-action on a. Denote by vr^ the operator of 

k 

symmetrization hj g: if g has order k, then tt^ = ^.Yl 9^- Let it act on the multivectors 

i=l 

of degree / as tt^ A . . . A vr^ (/ components). Let ioi g E G denote the m-th connected 
component of the subvariety of 5^-invariants in X, let dg^m = codimX^. 

Theorem 1 (cf. [7], Theorem 3.11) 

HH\B) = ( r(X^, (A^-^'^'-^^-TX^ ® K'''P{NxX3J)f 

g&G,m 

as vector spaces. 

A similar result was proven in [Sj: 

Theorem 2 [S]) For a complex symplectic vector space V with a symplectic linear 
action of a finite group G one has 

HH\C[G] K C[V]) ^ (0ff-^°dimy^^^y9^)^G 

g&G 

as graded vector spaces. 

Here Q^{Y) denotes the space of differential A;-forms on Y. One can easily see that 
in presence of a symplectic form there is an isomorphism Q'^{X^) = A*~'^°'^*™^'"TX^ 
A'^°P(^NxX^), so Theorem 121 is a special case of Theorem ^ 

Theorem 3 The multiplication on HH^{B) is given by 

g&G,m h(^G,n 

u&G,k gh=u, 

where ag^m,Jg,m e r(X^, A^-'^^'-'-TX^,) and f3g^m,Sg,m e r{X9^, A'^^'-^NxX^^) . The sum m 
the RHS is taken over all g and h such that Xf!^ is a component of X^ fl X^ for some 
k, m, n. 
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Another description of the multiphcation in HH*{B) was given in jH]. 
When X is a symplectic variety, the formula simphfies in the following way: 

Theorem 4 Let X he a symplectic variety with a symplectic form oj, and let the action of 
G he symplectic. Then 

HH\B) = (0r(X^,A-'^-"TX^))^ 

geG 

as vector spaces. The multiplication is given hy 

gdG^m hS:G,n u(iG,k gh=u, 

3 Preliminaries 

Define an y4-bimodule Ag as a submodule Ag = {ag \ a G A} in B. The following 
proposition was proved in 0: 

Proposition 1 Prop. 3) 

HH%B) = {^H\A,Ag)f 

g£G 

as vector spaces. 

In fact, the complexes C*{B,B) and (0 C*{A,Ag))'^ = {C*{A,B))'^ are quasiisomor- 

phic. The multiplication is defined on the Hochschild cochains, hence on {C*{A, B))'^ . 
To write it down in a convenient basis one should extend it to C*{A,B) (possibly losing 
cohomological properties beyond G- invariants). We have a following lemma-definition: 

Lemma 1 The multiplication on the Hochschild cochains C*{A,B) given hy the map 

H : C\A, B) ® C^{A, B) C'+^{A, B) 

lj{(f)g ® il)h){ai ® . . .® Oi+j) = (j){ai ® ■ ■ ■ ® a-i) ■ ip^{ai+i ® . . . (g) ai+j)gh, 

where (p G B.om{A'^^ , A) , i/j G B.om{A'^^ , A) , on the G-invariant cohomology {H*{A, B))'~^ 
coincides with the multiplication that comes from the isomorphism with HH*{B). 

The proof is a direct computation. 
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4 The local case 



In this section let X be a linear space V ~ k", so k[V] = k[xi, . . . x„] is the polynomial 
algebra. Let the action of the group G on X be linear. For g ^ G denote by the space 
of 5f-invariant vectors in V, and by (y^)^ the subspace of V generated by eigenvectors of g 
with eigenvalues different from one. The matrix of g is diagonalizable, so V = (B (V^^)"^. 
Note that k[y^]5^ ^ h[V^] as an y4-bimodule (compare with Lemma Ej). 

Proposition 2 1. W(k[V],'k[V]g) ^ A'-'^^V^ (g) A'^^ (V^)'' O k[V^]. 

2. i/*(k[1/],k[y9]) = A*1/® k[y^?]. 

3. The cohomological map H^'{h[V],'k[V]g) — ^ if*(k[y], k[y^]) which arises from the 
morphism \i[V]g 'k[V^]g = k[y^] is the natural inclusion A^~'^!>V^ ® A^3(y3Y (g) 
k[V3] ^JV'V0k[V3]. 

Proof. Choose a basis . . . , Vn} in V so that Vi, . . . , Vn-dg are gf-invariant and span 
and Vn-dg+i^ ■ ■ ■ ,Vn are eigenvectors of g with eigenvalues Aj 7^ 1, hence span (V^y . 
Let Xi be the dual basis of V* C A. 

The algebra k[y] has a Koszul resolution, so the groups i/*(k[y], k[y]5() can be com- 
puted as the cohomology of the complex 

^ ® k[V]g ^ A"- V ® k[V]g ^ ...^V0 k[V]g ^ k[V]g ^ 

with the differential 

n n 

d{^0 ag) = '^Vi A ^0 {xi - xf)ag = ^ Vi A ^ (l - Xi)xiag 

i=l i=n—dg+l 

and the groups if*(k[y], k[y^]) as the cohomology of 

^ A"y ® k[yf] ^ A"- V ® k[yf] 4- . . . ^ y ® k[F3] ^ k[y»] ^ 

with zero differential. Then the proposition is straightforward. □. 

The situation of a vector space with a linear action of a finite group has a nice prop- 
erty: the Koszul complex A*V k[V^](/ is a direct summand in the Hochschild complex 
i/om(k[y]'^*, k[y](7), and the complex formed by the cohomology (with zero differential) 
A*~'^sy^(8>A''s(y^)^(8)k[y^] is in turn a direct summand in the Koszul complex (here we use 
the fact that k[V^] is a submodule of k[y](7), hence if*(k[y], k[l/](7) is a direct summand 
in C*(k[y], k[y](7). Now the map from Lemma Q combined with the projection, gives 
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a map H'{k[V],k[V]g) ® H%k[V],k[V]h) H'+^ {k[V],k[V]gh) that coincides with the 
multiphcation in the G-invariant part. In the setting of Proposition |21 this map may be 
computed directly. To do this in a convenient way, we need following lemma: 

Lemma 2 // {V^Y n {V'^y = {0}, then V^^ = n . 

Proof. Obvoiusly fl C V^^. The symmetrization by g (denoted by tt^) projects V 
onto V3. Let {ysy n {y^Y = {O}. The kernel of vr^ is {V^Y . If we take any v G V^'', 
then V = gh ■ V and = n^v — n^gh ■ v = tt^{v — h ■ v), hence {Id — h)v G (V^^)^. But the 
operator Id — h is the projection onto (V^'^)^, hence {Id — h)v = and v G V^. By the same 
argument v E V^, and since v was an arbitrary element of V^'^, we have V^^ C (IV^. 
□ 

Proposition 3 The map 

w/iic/i is zero ifV^^ ^V^nV^ and sends (C^ ® /) ® (t/^ ® ®e) to A 
Tj-ff^j^i (g) ^2 /\ ^2 ^ (/e)|y9h otherwise, induces the multiplication on the G -invariant part, 
which coincides with the cup product. 

Proof. The maps 

may be written down as follows: 

l<mi<...<n— dg 

As for the maps in the inverse direction, they are quite complicated, but since i/ji^g are 
computed only on linear functions, we can only consider the linear parts of cochain maps: 

(i)i,g : A'V ® k[y5] ^ Hom{{V* f\ k[V]g) 

which are of the form 

<Pi,9{^i A . . . A ® ® . . . ® = ^ Vail)) ■■■■■ {ii,yaii))fg. 

(T<=Si 
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Hence the product 4'i+j^ghl^{(pi,g ® 4'j,h) of two vector fields ^ = Ci ^ ■ ■ ■ ^ Ci ^ f ^ 
A'V ® k[V3] and u = ui a'... A Uj®e e A'V ® k[V^] is the A^+J-'^fl^l/^/^ ^ A<i9'.(y9/^)v_ 
component of ^lA. . .A^iAufA. . .Au^®{fe^)\vah G A*V(g)k[y^''']. Then if ^ and z/ are taken 
in the cohomology, ^ contains A^'^iV^y, and contains A*°p(\/^)'^. If (l^^')^n(\/^)'^ {0}, 
then {V3yn{{V''yy ^ {0}, and the product is automatically zero; if {Vsynlv^'Y = {0}, 
then by Lemma S V^^''^ = n and {V^'^y = (V^y © {V^y = (V^y © {{V^yy. Note 
that in this case {fe^)\v9h = {fe)\v9h. Now its time to write ^ = © ^ A'-'^oV^ © 
A'^^iy^y, z/ = z/^ © G A*""''^1/'' © A'^'^(y'')^. Then the product may be rewritten 
as {-lyoU-dh)^! /\ (^jyiy A A {ly^y © {fe)\v9h. Note that for any vector w e V we 
have w — & {V^y , so after taking the wedge product with G A*°^(V^^)^ we have 
w A^"^ = A (^^, hence the product simply equals (^-lysU-dh)^^ Av^ A^"^ Ap'^ ® (/e)|y9h, 
which in turn equals Ti^^S} A tc^^u^ © A z/^ © /e|ysh, and we are done. □. 

If V carries a symplectic form u, and the action of G is symplectic, then for all g the 
forms a;|(ys)v are nondegenerate, and we can construct nonzero elements Sg G A'^s{V^y 
such that if V^^ = d V^, then Sgh = Sg A Sh] namely, take Sg dual to (u;|(V9)v)^'^9/^. 
Using sections Sg, another canonical isomorphism can be established: 

Proposition 4 IfV is symplectic, then H'{k[V],k[V]g) = A'^'^'^V'^ <^k[V3]. The multipli- 
cation is given by the wedge product: the product of two vector fields ^g G A^~'^^V^ © k[V^] 
and G JV'-'^hV'' © k[V''] zs zero zfV^^ ^V^nV'' and a otherwise. 

5 The affine case 

Now we can return to the case of smooth affine algebraic X and A = k[X] its algebra of 
regular functions. The group G acts algebraically on X; for g & G denote by X^ the m-th 
connected component of the algebraic subvariety of (^-invariant points. By finiteness of G 
the variety Xf^ is smooth. Denote by Ag^^n = k[X^] its algebra of regular functions. 

Lemma 3 Ag^^n — Ag^^nQ A-bimodules. 

Note that the normal bundle NxX^ is naturally embedded into the restriction TX\x3^ 
as a subbundle generated by ^(-semiinvariant vectors. 

Proposition 5 1. H'{A, Ag) ~ r(X9,, A^-'^^-^TX^ © A'^S'-iVxX^); 

m 

2. W{A,Ag,m) ^T{Xa„^,A^TXU^J; 
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3. The cohomological map W{A,Ag) ^ H'^{A, Ag ^) induced by the map Ag 

m 

@ Ag^mg — 0^g,m comes from the natural mc/ttszons A*~°'s''"rX^ (g) A'^s-^iVx^f^ 

m m 

h.'TX\xo . 

Proof. It is convenient to switch to the language of coherent sheaves. By definition 
H\A, ■) = Ext\^j^op{A, ■); the algebra A is commutative, hence A"'p = A, and A^ A = 
T{X X X,Oxxx)- Let A C X X X be the diagonal, F C X x X be the graph of 
g:X^ X.Then H'{A, Ag) = Ext^^xiOA, Oy), and H'{A, Ag^J = Exti^^xi^A, O^.J. 

Our main tool in the proof of the proposition will be the following lemma: 

Lemma 4 Let F, G be coherent sheaves on an algebraic variety Y , let f : F G a 
morphism of coherent sheaves. Then f is an isomorphism (resp. injective) iff for any 
point y eY in a formal neighborhood of y it becomes an isomorphism (resp. injective). 

Then the proof goes as follows: we construct the maps of sheaves on X x X: 
Ext^^xiOA^Oy) ^@Ext\,x{OA,O^.J 

m 

^Ext^^AOA,O^0 / 0A^TAU^ 

m m 

A*TAUf„ ^ A'-'^^'^TAl ® A'^^-'-XaA^ (1) 

m m 

then apply Lemma 0] to prove that (j) is an isomorphism and 0' is an inclusion; then we 
can take the composition map ip = (p" o o 0' and after applying Lemma E] once more, 
see that ip is an isomorphism. 

Let us define the maps: (p' is the functorial map arising from Oy — * ©C^Af„ (note that 
UA9, = Anr); the last one, 0", is the projection (recall that TAIa^^ = TA^^eXAA^,). To 
define 0, take a resolution of Oa by free Cxxx-sheaves r(X x X, Oa)®" ® Oxxx (in fact, 
the bar resolution) and construct the map (pi : A^TAIa^^ — > Hom\^{r{X x X, (9a)®*, r(X x 
X,CAg,)) directly: 

{(piiCi A ... A 6))(ai ® . . . ® ai) = ^ J^(-l)''%a<,(i) • . . . ■ d^^a^^^), (2) 

where RHS is a well-defined function on A^. By an easy calculation, the image of (p lies 
in the kernel of the differential in the bar resolution, so it induces a map (p : A^TAIa^^ —>■ 

ExtxMOA^OAO- 
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When g = 1 this map is the famous Ho chschild-Kost ant- Rosenberg isomorphism 
which appears in this exact form in [Hj, 4.6.1.1. 
To proceed, we need one more lemma: 

Lemma 5 If the order \G\ of a finite group G is prime to the characteristic of the ground 
field k, then any action of G on a formal polydisc over k is equivalent to a linear action. 

Now for X ^ X X X — A'J all the considered sheaves are zero in the formal neighborhood 
of X, and for x G A^, which corresponds to a point x G X^, the action of G on the formal 
neighborhood of x G X is linear by Lemma and we are in the situation of Proposition 
121 with V = TxX. All previous constructions of cohomology groups and their maps com- 
mute with the transition to the formal neighborhood, and in the formal neighborhood the 
statements follow from Proposition |21 Then we can apply Lemma |^ to finish the proof. □ 

Propositions n and El together prove Theorem ^ 

Note that Q actually defines a map of T{X^., K^TX\x^) into Hochschild cochains 
C*(A, Ag^m), so we can introduce a multiplication: H\A, Ag)0H^(A, Ah) — * G^~^^{A, Agh) 
The equalities from Theorems El and |31 hold locally by Propositions El and 01 hence they 
hold globally. 
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